This study focuses on the benefits of utilizing the axle electric motors of hybrid electric vehicles for vehicle stability control. In that context, a differential braking and driving vehicle stability control strategy that is developed for a hybrid electric sport utility vehicle equipped with axle motors is presented. The developed strategy that is based on integrated electrohydraulic braking and axle motor torque control is compared with the production vehicle stability control schemes, by real-time simulations of extreme steering maneuvers, using controller and vehicle models built in the MATLAB/Simulink environment. The comparison is made in terms of the stability and performance, and also from an energy consumption standpoint which is an important feature of hybrid electric vehicles.
Introduction
In the period covering the last 25 years, researchers have carried out many experimental and theoretical studies on vehicle stability control (VSC). The handling performance of differential-braking-based VSC has been widely investigated in the automotive industry as well as in academia, as a means for improving vehicle stability and handling, and a number of strategies have been proposed for and implemented in today's vehicles. On the other hand, the development of VSC strategies for hybrid electric vehicles (HEVs) and full electric vehicles (EVs) is a relatively new topic, as the electric motors in these vehicles increase the degrees of freedom (DOFs) of the control authority for VSC.
On the other hand, active safety systems such as anti-lock braking systems (ABSs), traction control systems (TCSs) or VSC are usually supplied to automotive companies as stand-alone subsystems utilizing the braking system and engine intervention. If a vehicle using one of these active safety systems is also designed to have a hybrid powertrain, the new hybrid powertrain, which consists of the electric motors, is usually excluded from the active safety system control loop. In other words, the braking and traction capabilities provided by the electric machines are usually disabled during activation of the active safety features. With this background in place, this study aims to show that making use of the axle electric motors, specifically for the hybrid sport utility vehicle (SUV) considered in this study, within the developed VSC frame, improves the vehicle performance, compared with the performance of the production VSC. The potential benefit of electric motors is their ability to provide rapid braking and tractive torque actuation, unlike the situation with an internal-combustion engine, in addition to the friction brakes.
This paper is organized as follows: the second section describes the vehicle platform for which the vehicle simulator and the proposed VSC are developed. The simulator developed to represent this experimental HEV is explained briefly. In the third section, a literature survey on VSC approaches specifically for HEVs and EVs equipped with axle motors, such as the vehicle considered in this study, is given. Then simulations that exhibit extreme steering and/or driving conditions are performed, with and without the electric motors involved in the stock VSC scheme. This is done to emphasize the potential benefits and importance of involving electric motors within a VSC scheme. The fourth section presents the proposed VSC strategy and evaluation of this strategy with model-in-the loop (MIL) simulations in real time for the same steering and braking maneuvers for comparison. Finally some concluding remarks on this study are given in the last section.
EcoCAR vehicle architecture and simulation tool: EcoDYN
The Ohio State University is one of 16 North American universities participating in 'EcoCAR: the next challenge', a vehicle development competition headline sponsored by the US Department of Energy and General Motors (GM). 1 This competition which is 3 years long challenges student teams to re-engineer a GM-donated crossover SUV to obtain increased fuel economy and decreased emissions while maintaining the vehicle performance and consumer acceptability. Each team's task is to design and build a new powertrain for their vehicle, resulting in a fully functioning prototype vehicle.
The EcoCAR team at The Ohio State University has designed an extended-range electric SUV capable of a 40 miles all-electric range via a 22 kW h lithium-ion battery pack, with range extension and limited parallel operation supplied by a 1.8 l dedicated E85 engine (replacing the stock 3.6 l V6 engine). The engine is coupled to an 82 kW front electric motor via a twinclutch transmission designed to enable greater operating efficiency through limited parallel operation, which allows the vehicle to operate in a series or parallel hybrid mode and allows front-axle regenerative braking and traction with the engine disengaged from the road. A 103 kW rear electric motor provides pure electric vehicle capability and allows rear-axle regenerative braking. In addition, a d.c.-to-d.c. converter and an a.c.-d.c. charger are packaged in the rear, allowing the team to charge the vehicle in any location that has an 110 V or 208 V outlet. The vehicle and a diagram of the vehicle architecture are shown in Figure 1 . Further detailed information on the design, control, and drivability concerns of this vehicle can be found in the papers by Bayar et al. 2 and Schacht et al. 3 The EcoCAR dynamic simulator (EcoDYN) is the dynamic model of this experimental hybrid SUV built in a MATLAB/Simulink environment that is developed to facilitate the evaluation of control strategies in terms of the dynamics, drivability, fuel economy, and performance of the vehicle. The overall simplified structure of the simulator is shown in Figure 2 . The main inputs and outputs of different components of the simulator are also shown in the figure. The driver outputs are the accelerator pedal position a, the brake pedal position FEM: front electric motor; AC: alternating current; DC: direct current; ICE: internal-combustion engine; Inv: inverter; BATT: battery; REM; rear electric motor; EDS: electrical disconnect switch; MSD: manual disconnect switch. b, and the steering-wheel angle d. A supervisory controller commands the clutch status and torque command for the electric motors, engine, and brake torque for each wheel. The main outputs of the powertrain model are the longitudinal and lateral forces that are fed into the vehicle dynamics model. The vehicle speed is sent to the driver model from the vehicle dynamics model and the loop is closed.
The driver and the dynamic powertrain model including the battery, electric motors, and the electrohydraulic braking (EHB) system are not given here for brevity. The modeling details of these components can be found in the paper by Bayar et al. 4 The output shaft of the electric motor is connected to the differential, as shown in Figure 3 (a). The vehicle is equipped with open differentials. The differential mechanism is shown in Figure 3 (b).
The differential mechanism has two degrees of freedom (2DOFs), namely the left half-shaft speed and the right half-shaft speed. The input shaft speed can be expressed by
where v lhs and v rhs are the left half-shaft speed and the right half-shaft speed respectively, and i main is the transmission ratio of the differential main reduction gear. The differential equations of motion can be written as
where T em is the motor torque, and T lhs and T rhs are the left half-shaft torque and the right half-shaft torque respectively. The elements in the differential inertia matrix can be derived as 5
The half-shafts are modeled as elastic rods with a damping coefficient. The transferred torque is proportional to the speed difference and the twist angle between its terminals according to
where k hs and c hs are the torsional stiffness and damping coefficient respectively of the half-shafts, and v ihs is the speed of the corresponding half-shaft. The wheel dynamics can be formulated as where v i , F xi , T ihs , and T EHBi are the rotational velocity, the longitudinal force, the half-shaft torque, and the brake torque respectively on the corresponding wheel or half-shaft (which is specified by the subscript i which is front left (fl), front right (fr), rear left (rl), or rear right (rr)), and I w is the wheel's moment of inertia. The Pacejka 6 tire model for combined slip is used to represent nonlinear tire behavior according to
F yi = mF zi sin (C y arctanfB y a i À E y ½B y a i À arctan (B y a i )g)
where m is the adhesion coefficient, and s i and a i are the longitudinal slip and the slip angle respectively of the corresponding tire (which are again specified by the subscript i). The force surfaces representing the tire characteristics for the longitudinal and lateral forces are shown in Figure 4 . The expressions for the slip angle and transient slip are formulated as
where V x , V y , and r are the longitudinal velocity, the lateral velocity, and the yaw velocity respectively, d is the steering angle, s is the tire relaxation length, and V i represents the velocity components in the wheel plane, which are different for each wheel and are expressed as
Considering the motions of interest and other motions strongly related to these, the nonlinear vehicle model considered in this study for simulation has four degrees of freedom (4DOFs), namely longitudinal motion, lateral motion, yaw, and roll. This 4DOF model has been used by many researchers studying VSC. [7] [8] [9] [10] [11] The general free-body diagram for the 4DOF nonlinear vehicle model is shown in Figure 5 . The effects of the roll motion are shown using the free-body diagram in Figure 5 
The equations of motion for the four DOFs can be derived as where
with K f and C f the roll stiffness and the damping respectively. Up to this point, the motion of the vehicle is defined in terms of the longitudinal and lateral accelerations, and the yaw and the roll angular accelerations. However, the normal load distribution changes owing to the longitudinal and lateral accelerations, and the yaw and roll motions should also be taken into account according to
Background This section is divided into two. In the first part of this section, a literature survey on VSC approaches specifically for HEVs equipped with axle motors, such as the hybrid SUV considered in this study, is given. In the second part of this section, simulations that exhibit extreme steering and driving conditions are performed, with and without the electric motors involved in the production vehicle VSC scheme. This is done in order to emphasize the potential benefits of involving the electric motors within a VSC scheme.
VSC for HEVs with axle motors
Most of the studies that focus on VSC separately for HEVs and EVs consider independently braked and driven wheels and/or steered wheels. [9] [10] [11] [12] [13] [14] Although HEVs that are equipped with axle motors are dominant in the current HEV market, not many studies have focused on combining axle motor traction and braking with individual wheel braking. [15] [16] [17] [18] In some of these studies, [15] [16] [17] fuzzy-rule-based approaches are applied to combine differential braking with regenerative braking. For instance, Kim et al. 16 tried to generate a corrective yaw moment by rear-motor regenerative braking during oversteering which causes a decrease in the slip angle of the rear tires, inducing a compensatory understeering tendency and, if that is not sufficient to keep the side-slip angle in the stable limit, the yaw moment is further decreased by individual wheel friction braking. In a similar fashion, during understeering, this time the rear motor is controlled to give a tractive torque which increases the rear-tire slip angles and therefore the oversteering tendency and, if that is not sufficient to track the desired yaw rate, the yaw moment is increased by individual wheel braking. Cheong et al. 15 also assumed an HEV architecture equipped with two axle motors.
Considering the 2DOF control-oriented model for the yaw rate and side-slip angle, a sliding-mode controller was applied to find the corrective yaw moment in order to track the desired yaw rate and to achieve a zero sideslip angle. However, the way in which this corrective yaw moment is distributed for the motor and/or friction braking was not described in their study. On the other hand, Hancock and Assadian 17 discussed the fact that applying regenerative braking to the rear axle can degrade the vehicle stability, since it causes weight transfer on to the front wheels, which in turn results in a loss of lateral force at the rear (i.e. increases in the rear slip angles, inducing an oversteering tendency). It was claimed that the reduction in the stability can be contained by ESP Ó19 with an increase in the brake pressures for high-friction surfaces, but for slippery surfaces the reduction in the stability is much more severe and cannot be compensated for with ESP; in order to resolve this issue, two solutions were considered, either, first, simply switching to friction braking once the longitudinal slip of either rear wheel exceeds a specified threshold or, second, locking the centre coupling. In the paper by Falcone et al., 18 friction braking at four corners was blended with rear-axle motor braking with the control objective stated as follows: 'Maximize the regenerative braking while (i) delivering the requested braking force, (ii) limiting the yaw rate tracking error and (iii) fulfilling constraints on the maximum regenerative braking set by the hybrid powertrain.' Simulation results show that maximization of the rearaxle regenerative braking induces oversteering of the vehicle which is compensated by individual wheel braking. Therefore the recuperation energy maximized by regenerative braking brings the cost of dissipating more energy by increasing the friction braking to compensate for the oversteering effect. This observation also matches that made by Hancock and Assadian, 17 namely that, while utilizing energy recuperation by regenerative braking, additional friction braking is needed to provide stability of the vehicle, which may yield the same net energy consumption in the end.
This brief literature survey conducted for VSC strategies specifically for HEVs equipped with axle motors can be summarized as follows. Axle motor braking and/or traction are either disabled or treated as a separate actuation combined with individual wheel braking via rule-based fuzzy approaches. There is no consensus on how to use axle electric motors within a VSC scheme. In the next section, this question is explored using simulation tools.
Simulations with and without the hybrid powertrain
The simulated steering maneuvers are standard maneuvers which exhibit emergency driving situations. 19 The first maneuver is the lane change maneuver, which describes the vehicle's handling performance in the case of a series of rapid steering and counter-steering actions, as depicted in Figure 6 (a), while traveling at highway speeds, due to a sudden obstacle that has been faced and needed to be avoided. The second maneuver is the J-turn maneuver during which the driver simultaneously brakes and generates a step steering input as depicted in Figure 6 (b), to maintain a constant turning radius during a sharp turn.
To represent the stock VSC, a differential-brakingbased fuzzy controller is considered which is very common in academia and industry. [8] [9] [10] [11] [12] 16, [20] [21] [22] [23] [24] In this scheme, the controller takes in the yaw rate, yaw acceleration and side-slip angle errors as the control inputs, and outputs directly the brake torque for counteryaw-moment action, as shown in Figure 7 .
The objective of the controller is to track the desired yaw rate and to keep the side-slip angle within a stable threshold. In the literature, the desired yaw rate is usually derived from the single-track or the bicycle model, as it conveniently describes the understeering or oversteering behavior of the vehicle. The bicycle model is shown in Figure 8 .
Derived from the bicycle model, the equation which represents the linear state equations for the yaw velocity r and the vehicle side-slip angle b as the two states and the front-wheel steering angle d as the input is
where V x is the longitudinal speed of the vehicle, M is the total mass of the vehicle, I z is the yaw moment of inertia, C f and C r are the front-tire and the rear-tire cornering stiffness values respectively, and a and b are the distances from the front axle and the rear axle respectively to the center of mass, as illustrated in Figure 8 . From these state equations, the transfer function for the yaw rate r can be derived as
where
The condition of stability, i.e. the condition of having negative eigenvalues, depends on the third term of the characteristic polynomial, namely
with the following conditions. 1. If aC f . bC r or |aC f | \ |bC r |, then the vehicle is said to be in understeer, and it is unconditionally stable. 2. If aC f = bC r , then the vehicle is said to be in neutral steer, and it is again unconditionally stable. 3. If aC f \ bC r or |aC f | . |bC r |, then the vehicle is said to be in oversteer, and it is unstable above a certain critical speed.
Since the goal of VSC is to stabilize the vehicle, the condition |aC f | 4 |bC r | results in the desired yaw rate given by
where k us is called the understeer coefficient and is usually selected to be 0 \ k us ( 1 in order to obtain a control that will yield a slightly understeer stable vehicle. On the other hand, the steady state lateral acceleration of the vehicle can be derived as a yss = V 2
x =R=rV x , where R is the radius of curvature of the trajectory. Since the maximum lateral force cannot exceed the total force, i.e. M|a y | 4 Mgm, where m is the coefficient of friction, then |a y | 4 gm and this implies that |r| 4 gm/V x . Therefore the desired yaw rate given by equation (33) is saturated by gm/V x .
To limit the side-slip angle, the vehicle steerability threshold for an average driver is taken into account, which is formulated as 22, 25, 26 b max = m 108 À 78
The fuzzy controllers are tuned by taking the rules given by Tekin and Unlusoy 8 as a starting basis. The decision block in the fuzzy controllers is responsible for selection of the wheel to brake in order to generate the pro or contra yaw moment. This decision is taken as the rear inner wheel during understeering and the front outer wheel during oversteering. [20] [21] [22] [23] [24] For the fuzzy controller, two sets of control are considered: F Con and F Hyb. F Con represents the fuzzy VSC together with the conventional powertrain, namely the stock front-wheel-drive engine, in addition to the EHB at the four corners. F Hyb represents the same differential-brake-based fuzzy VSC together with the hybrid powertrain, namely the axle electric motors, with the engine disengaged from the road and turned off. Therefore the only difference between the two cases is that the traction and braking command of the driver in the latter case is satisfied by the electric motors, instead of by the engine, which can be expressed as
where T EMi and v EMi are the electric motor torque command and speed respectively for the front or rear motor, and a and b are the accelerator pedal position and the brake pedal position respectively. T EMmaxi and T EMmini represent the maximum torque limit and the minimum torque limit respectively of the motors corresponding to the motor speed. Note that this is the simplest control that can be applied to the motors in supplying the torque demanded by the driver. Recall that this simple strategy is simulated just to observe and emphasize the potential benefits of using the axle electric motors together with the stock VSC.
The simulation results are shown in Figure 9 . The accelerator and brake pedal positions, the longitudinal speed, the side-slip angle, the yaw velocity, and the vehicle trajectory are shown at the top, for the vehicles controlled by the stock fuzzy controller utilizing the conventional powertrain (F Con) and the stock fuzzy controller utilizing the hybrid powertrain (F Hyb). The desired values for the speed, the yaw rate, and trajectory, and the side-slip angle threshold are also shown in the plots. The brake and the engine and motor torque profiles are given for these two configurations for each maneuver at the bottom. The simulation results for the vehicle without VSC for each maneuver are also shown. The maximum and r.m.s. values of the deviation of the yaw rate and speed from the desired values, the maximum side-slip angle, the deviation from the side-slip angle threshold (if any), and the energy consumption while VSC is active are given in Table 1 for each maneuver and configuration as well. The consumed energy is computed as E net = E traction + E brake and E net = E batt + E braking for the conventional powertrain configuration (F Con) and the hybrid powertrain configuration (F Hyb) respectively, with The main observation from the lane change simulation results above which compare the utilization of the conventional and hybrid powertrains for VSC is that the involvement of the electric motors to provide the tractive torque prevents a decrease in the vehicle speed in comparison with the vehicles controlled by the stock VSC. As a result, F Hyb finishes the track around 10 m and 5 m ahead in comparison with F Con, as seen in the dry-asphalt and wet-asphalt cases respectively. This is achieved without any cost in terms of the VSC performance. In other words, the yaw tracking and side-slip angle results for both cases with and without the motors are almost identical. On the contrary, there is a secondary benefit in using the motors in terms of energy consumption as well, which is mainly due to the difference between the energy conversion efficiencies of the engine and the electric motors.
Similar to the lane change maneuver simulation results, for the J-turn maneuver simulation results, it is observed that the VSC performance, i.e. tracking of the desired yaw rate and side-slip angle, does not change significantly when the electric motors are involved for supplying the tractive and braking torque. There is again a benefit of using the electric motors in terms of energy consumption; this time it is more significant than the benefit obtained for the lane change maneuver case, since regenerative braking is utilized with the electric motors, which reduces the load on the friction brakes as well, as seen in the comparison of the dissipated brake energy for the F Con and F Hyb cases.
The simulation results can be summarized as follows:
(a) no interference in the driver's longitudinal speed demand during the lane change maneuver with the utilization of rapid torque actuation provided by the electric motors;
(b) lower energy consumption during both maneuvers owing to the higher energy efficiency and regenerative braking capability of electric motors.
On the other hand, it is obvious that involving the electric motors through equation (30) is not the 'optimal' strategy of involving them within a VSC scheme. In fact, using the electric motors in such a way may cause excessive slip values and earlier activation of slip controllers (ABS and TCS) than intended. Figure 10 shows the simulation results for the tire slip values of the vehicles controlled with F Con and F Hyb during the J-turn maneuver on dry asphalt.
It is observed that the front right slip reaches a minimum of 0.11 with F Con. However, it reaches a minimum of 0.13 with F Hyb. Although a stock ABS system is not modeled in this study, such increases in the tire slip caused by the electric motors may trigger activation of the ABS earlier than usual, as also mentioned by Hancock and Assadian. 17 Therefore the distribution of the control action to individual wheel brakes and electric motors should be further investigated, and this is the subject of the next section.
Integrated EHB and axle motor torque control for vehicle stability
The decision of 'braking the inner rear wheel during understeering and the outer front wheel during oversteering' is widely utilized in the literature and industry, and references are given in the section on simulations with and without the hybrid powertrain which justify this decision on the basis of the geometry relations and the tire force characteristics. However, there may be occasions where braking a single tire may not be sufficient to generate the required pro or contra moment required to track the desired yaw rate, whereas distributing the control action to multiple tires yields a higher potential for pro or contra yaw moment generation. Furthermore, braking a single tire may cause the tire to saturate more quickly, i.e. to reach the peak point of the force versus slip curve, and to initiate the ABS or TCS, in comparison with supplying the required moment by distributing to two tires, as illustrated in Figure 11 . Furthermore, longitudinal slip is not the only factor that affects the force generation capacity of tires. The slip angle, the coefficient of friction, and the normal load on a tire are other parameters as shown in Figure  4 that affect tire force generation and should be considered as well in selecting a braking force allocation strategy, as these variables are affected by the vehicle's lateral and longitudinal forces to a different extent at each corner.
On the other hand, with the addition of the electric motors in EVs and HEVs, additional DOFs become available, as the wheels can be subject to tractive as well as braking torques. The proportions in which this pro or contra yaw moment action could be distributed to each wheel can be formulated as an optimization problem. Considering the two control objectives, namely the speed and the yaw tracking, and the six actuators for the hybrid SUV considered in this study, namely the traction and braking of the axle motor and the braking of the four wheels, the system can be characterized as an over-actuated system. With this high actuation level, the VSC problem turns into a tire force-torque distribution problem, which is the subject of control allocation for an over-actuated system.
Control allocation has been studied extensively in the aerospace literature. There are a few studies in the literature on ground vehicle stability control allocation methods. 7, 25, [27] [28] [29] [30] Most of these use static quadraticprogramming-based control allocation methods 7,27-30 since the actuator (electric motor and brake system) dynamics are faster than the vehicle dynamics. An overview of different control allocation methods and a comparison of different algorithms in terms of the floating-point operations (FLOP) for solving the quadratic optimization problem has been given by Wang. 31 Among the algorithms reviewed, the fixed-point method 32 has proven to result in the lowest computational burden in converging to the optimal solution, both theoretically and by simulation results. The fixedpoint method is used in this study as well, to distribute the corrective longitudinal force and yaw moment to the longitudinal wheel slip ratios, which is applied in the section on control allocation.
The overall scheme of the proposed controller is shown in Figure 12 , together with the inputs to it coming from the vehicle dynamics and driver models as mentioned in the second section.
The inputs to the controller are the yaw rate, the wheel speeds, and the lateral and longitudinal accelerations that come from the vehicle dynamics model, and the accelerator pedal position, the brake pedal position, and the steering-wheel inputs that come from the driver model. The outputs are the motor and EHB torque commands. The proposed strategy is developed, considering the vehicle mode where both axle electric motors are active and the engine is disengaged from the road. Each component of the controller is described next.
Reference generator
The reference generator is responsible for generating the desired longitudinal speed and yaw rate that the controller will track. The desired longitudinal speed can be expressed as
where V x0 is the initial velocity at which the VSC is activated and F dest and F desb are the desired longitudinal tractive force and the desired braking force respectively as functions of the accelerator and brake pedal positions, as depicted in Figure 13 . The desired yaw rate is generated using the bicycle model as explained in the section on simulations with and without the hybrid powertrain. It is given by the expression in equation (33) saturated by gm/V x .
High-level controller
The inputs to the high-level controller are the actual longitudinal speed and yaw rate and the desired longitudinal speed and yaw rate, whereas the outputs are the net longitudinal force and yaw moment desired.
The equation of motion for the longitudinal dynamics of the vehicle model is given by equation (17) according to
where SF x is the sum of all tire forces in the longitudinal direction and can be treated as the input.
Considering the non-linear terms and modeling uncertainties, sliding-mode control is chosen to stabilize the closed-loop system. The function that expresses the deviation from the sliding surface is selected as
where c and d are positive constants. The Lyapunov function for the sliding surface can be written as
with the results that
where e = V x -V xdes . The control law that assigns the net longitudinal force is
Substituting equation (44) into equation (43) yields 
which implies that
The condition for attractivity of the sliding surface can be written as
where k is a positive constant. Equation (47) and equation (48) imply that, if
or similarly if
then the attractivity of the surface is satisfied. Selecting the controller gain K as
together with equation (44) yields the control law, where g is the acceleration due to gravity and e max is the maximum vehicle speed of 180 km/h. k is the tuning parameter for the convergence rate of the sliding surface. To avoid chattering for the control law, the sgn function can be replaced by a saturation function. 33 The saturation function is given as
Therefore the final expression for the control laws can be written as
Following the same procedure for the yaw moment, the sliding-mode controller can be derived as
Note that the total lateral force, i.e. SF y , is not treated as a control input since the high-level control objective is to track the desired longitudinal speed and yaw rate. However, as mentioned in the section on simulations with and without the hybrid powertrain, another control objective of VSC is to keep the side-slip angle within the bounds specified by equation (29) . Since it is known that tracking the desired yaw rate perfectly may cause excessive values of the side-slip angle, 8, 19, 22, 24 the following strategy is applied in the proposed controller. As long as the side-slip angle is lower than the threshold, the yaw rate and speed are tracked without any consideration. If the side-slip angle exceeds the threshold, then the understeer coefficient that specifies the desired yaw rate as given in equation (33) is increased with the knowledge that reducing the yaw rate would reduce the side-slip angle as well. The outcome of this correction will be shown by the simulation results in the section on evaluation of the proposed VSC in real time.
Control allocation
An important point that should be taken into account in the design of the control allocation scheme is the decision of the variables to which the control action will be allocated. There are usually two approaches in the literature, namely allocation to individual tire forces (or torque), [28] [29] [30] and allocation to individual wheel slip ratios. 7, 27, 31 It has been explained by Wang 31 that the former approach may yield unstable slip values exceeding the peak point of the force versus slip curve, as shown in Figure 14 .
On the other hand, the latter approach, i.e. allocation to wheel slips, provides the freedom of adding constraints to the wheel slip values within the control allocation scheme so that they do not exceed the peak point of the curve, which simplifies the problem. Furthermore, if the control objective is tracking not only the desired yaw rate but also the desired longitudinal vehicle speed, as is the case in this study, then the desired slip values that the control allocation generates will be the optimal slip values not only in terms of yawing, but also in terms of the traction and braking performance of the vehicle. In other words, the control allocator acts as both an ABS-TCS as well as VSC since it generates the optimal slip values for both. Because of these advantages, individual wheel slips are chosen as the allocation variables. As a result, the objective of control allocation can be formulated in terms of 
where v is the output of the high-level controller, i.e. the desired net longitudinal force and yaw moment that will be allocated to u, the vector of individual wheel slips. In order to state the problem as a quadratic optimization problem, the control-effectiveness matrix B is defined as
and the optimization problem can be stated as
subject to
Therefore the problem can be stated in words as follows: given the control input v (that comes from the high-level controller), find the slip vector u that minimizes the cost function expressed by equation (57) satisfying the constraint given by equation (58). The control-effectiveness matrix can be derived using equation (17) and equation (19) and can be expressed by Using the tire model equations, namely equation (6) and equation (7), the variations in the longitudinal and lateral forces with respect to slip can be obtained analytically. The expressions for ∂F xi /∂s i and ∂F yi /∂s i are given in Appendix 2. Note that these variations in the forces with respect to slip are also functions of the slip, the slip angle, the normal load, and the friction coefficient, just like the forces themselves. Therefore, these variables are computed and estimated first in the proposed VSC scheme using inverse models, which is not mentioned here for brevity. The weighting matrices for optimization error and energy can be written as The selection is made such that w v1 ( w v2 since the high-priority control objective is to track the desired yaw rate. Note that the inequality constraints as given by equation (58) correspond to the peak point of the longitudinal force versus slip curve. In other words, the control allocation dictates the need to stay in the stable region of the force versus slip curve. However, it is important to note not only that this peak point is a function of slip but also that it changes with respect to the slip angle and coefficient of friction because of the tire characteristics, as shown in Figure 15 . Therefore the inequality constraint of the optimization varies accordingly.
Another important consideration in regard to the control allocation is the computational effort required to solve the optimization problem. This becomes a critical factor in real-time implementation owing to the limited computational resources offered by VSC processors in vehicles. There are various algorithms for solving the optimization problem stated by equation (57) and equation (58). A detailed comparison of different algorithms for solving this quadratic optimization problem has been given by Wang. 31 It was shown in that study that the fixed-point method as explained by Wang 31 and Lu 32 yields the lowest number of FLOPs per iteration in comparison with two other algorithms. This method is also used in this study. The code for the iteration implemented within an embedded MATLAB function in Simulink can be found in Appendix 3.
Slip-tracking controller
The objective of the slip-tracking controller is to track the reference slip values generated by the control allocation.
Different control approaches for wheel slip control can be found in the literature, such as Lyapunovfunction-based solutions, 25, [34] [35] [36] sliding-mode controllers, 7, 27, 37 and proportional-integral-derivative controllers. 38 A sliding-mode controller is used in this study which is suitable for direct wheel slip regulation to track the variable reference slip. Slip dynamics can be derived by combining equation (5) and equation (12) (neglecting transient slip) to give
where r w is the rolling radius of the tire, I w is the rotational mass moment inertia of the wheel, V i is the velocity component across the wheel plane, and T i is the net torque at the wheel level, treated as the control input.
Defining the function that expresses the deviation from the sliding surface as
where c and d are positive constants, the Lyapunov function and its gradient can be written as
where e = s -s des .
Assigning the control law as
Therefore the inequality can be written Figure 15 . Change in the threshold of the inequality constraints depending on different variables: (a) force versus slip for different slip angles; (b) force versus slip for different friction coefficients.
where k is a positive constant. Equation (67) and equation (68) imply that, if
or similarly
then the attractivity of the surface is satisfied. The controller gain K is selected as
where F ximax is the maximum longitudinal force that a single tire can generate (considering a coefficient of adhesion of 1 and that the entire vehicle load is on that single tire), V imax is the maximum speed across the wheel plane (which is around the maximum speed of the vehicle), and r is the maximum rate of change in the desired slip value as constrained by the electric motor actuation rate. Like the sliding-mode controller used for the high-level controller, the saturation function is replaced by the sgn function to avoid chattering, which yields the control law
With this control law, the performance of the sliptracking controller is shown in Figure 16 (a) for the lane change maneuver simulation on dry asphalt. Note that this controller relies on information on just the desired and the actual slip and treats the force term in equation (61) as a disturbance. With the estimation of the longitudinal forces, the controller performance can be enhanced by including the force-eliminating feedback term in the control as
and a relaxed control gain would be sufficient for achieving the attractivity of the sliding surface given as
The performance of this modified control law expressed by
is shown in Figure 16 (b).
EHB and motor torque distributor
The net torque at the wheel level demanded by the slip-tracking controller is supplied from two sources: the electric motors and the EHB system. As is evident from Figure 16 , this net torque that the slip-tracking controller generates may have different signs on each side of an axle, i.e. the controller may dictate a positive torque on the left wheel and a negative torque on the right wheel, and vice versa occasionally. For such cases, the controller needs to distribute the net torque on each wheel to the axle motor torque and EHB torque on both sides. The equations that show how the control strategy commands the motor and brake torque with knowledge of the net torque required at each wheel level are
T bhigh = 0 ð77Þ
where T ihigh is the net torque request for the wheel with a higher demand (magnitude-wise), i em is the gear reduction ratio of the axle motor, T EM is the torque request sent to the motor, h is the combined efficiency of the powertrain between the motor and the wheel as a function of the motor speed and torque, T bhigh is the brake torque request corresponding to that wheel with the higher torque request (magnitude-wise), and T blow is the brake torque request for the other wheel on that axle. This logic can be interpreted in words as follows: supply a torque to the wheel that needs more torque (magnitude-wise) with the electric motor and, for the remaining wheel on the same axle, subtract the excessive torque by friction braking.
Once the split decision is made, the desired torque request is commanded to the electric motors and the electrohydraulic friction brakes. The rate of change in the torque commands are limited prior to feeding them into the powertrain model, to prevent chattering issues, since the dynamics of the motors and the EHB system are different. Therefore the torque commands are limited by the rate of the slower actuator, i.e. the motors.
Evaluation of the proposed VSC in real time
Evaluation of the proposed VSC in real time is performed in this section, as it is important to see whether the controller works properly in real-time operation. For this purpose, the driver, powertrain, and vehicle dynamics model built for the hybrid SUV as mentioned in the section 'EcoCAR vehicle architecture and simulation tool: EcoDYN' is loaded to the dSPACE DS1006 processor board together with the DS 2210 HIL input-output board, and the controller model is loaded to the dSPACE MicroAutoBox 1401 vehicle controller. 39 The conceptual illustration of this set-up is shown in Figure 17 .
The communication in between receiving and transmitting signals such as the yaw rate, the acceleration, the wheel speed, the steering angle, and the torque commands is established via controller area network (CAN) protocol. In creating the database for these signals, the GM CAN database for the GM-donated vehicle was used. For custom signals that do not exist in the standard GM CAN database such as EHB or motor torque commands, signals 16 bits long are established. For the real-time simulations, the fixed simulation step time is selected as 1 ms. Figure 18 shows the real-time simulation results of the lane change and J-turn maneuvers together with the simulation results from the section on simulations with and without the hybrid powertrain for the stock VSC in order to compare the proposed VSC scheme with the stock fuzzy controllers. Simulation results for the speed, the side-slip angle, the yaw rate, and the vehicle trajectory are shown at the top of each panel, and the brake and motor torque profiles for the vehicle controlled with the proposed VSC are shown at the bottom of each panel.
The main observation from the lane change simulation results in Figure 18 that compare the proposed VSC and the stock VSC is that the involvement of the electric motors within the proposed scheme to provide a tractive torque prevents a decrease in the vehicle speed in comparison with the vehicles controlled by the stock VSC, without any cost to the desired yaw tracking and side-slip angle limitation. Furthermore there is a benefit in using the motors in terms of energy consumption as well, as also noted in the section on simulations with and without the hybrid powertrain, which is mainly due to the difference between the energy conversion efficiencies of the engine and the electric motors. In the dry-asphalt case, it is observed that, although both wheels on the outer (inner) side of the vehicle are braked during oversteering (understeering) with the proposed scheme, the brake energy is lower than that of the stock fuzzy scheme that applies braking to a single wheel.
It is observed for the simulation results for the J-turn on wet asphalt (and also for the lane change on wet asphalt) that, as the side-slip angle exceeds the threshold, the understeer coefficient is increased until the sideslip angle goes back to below the threshold, which prevents an excessive increase in the side-slip angle. For this maneuver, the proposed scheme achieves better yaw tracking in comparison with the stock VSC and makes a closer turn to the desired trajectory. For both J-turn maneuvers, there is again a benefit of using the electric motors in terms of the energy consumption; this time it is more significant than the benefit obtained for the lane change maneuver case, since regenerative braking is utilized with the electric motors. This also reduces the load on the friction brakes as well, especially during the wet-asphalt case where the dissipated brake energy is almost halved in comparison with that for the stock VSC case.
Another important consideration in evaluation of the proposed VSC is the effect of the control strategy and of the actuation effort on the drivetrain, as the strategy offers blending of the axle motor braking and traction with individual wheel braking. As mentioned earlier, the two ends of the half-shafts are occasionally subject to torques with different signs. The resulting torque fluctuation may produce an undesired stress or vibration.
The angle of twist of the half-shafts is shown in Figure 19 during all four aforementioned maneuvers. As is evident from the figure, the maximum magnitude of the angle of twist of the half-shafts is less than half a degree, which would not cause plastic deformation of the half-shafts. Furthermore, no oscillation that may excite the powertrain and cause resonance is observed.
Conclusions
This study has presented a novel control approach for VSC that makes use of the electric traction system in an HEV. The proposed methodology uses a hierarchical approach to allocate the forces and moments to the wheel slip ratios in an over-actuated system. The attractivities of the defined sliding-mode controllers are shown theoretically.
A comparison of the performance of the new control strategy with those explored in the section 'Background' with MIL simulations in real time shows an improved tracking performance without loss of the vehicle's longitudinal speed and with reduced energy consumption. The new control allocation strategy is also shown to operate within the mechanical limits of the hybrid drivetrain.
